We present a Mueller matrix decomposition based on the differential formulation of the Mueller calculus. The differential Mueller matrix is obtained from the macroscopic matrix through an eigenanalysis. It is subsequently resolved into the complete set of 16 differential matrices that correspond to the basic types of optical behavior for depolarizing anisotropic media. The method is successfully applied to the polarimetric analysis of several samples. The differential parameters enable one to perform an exhaustive characterization of anisotropy and depolarization. This decomposition is particularly appropriate for studying media in which several polarization effects take place simultaneously. © 2011 Optical Society of America OCIS codes: 260.5430, 260.2130, 120.5410. The differential Mueller calculus is a powerful technique for studying the evolution of polarized light propagation in optical media [1] [2] [3] . There are 16 basic types of optical behavior for general depolarizing anisotropic media. In a previous work, the authors presented the complete set of differential Mueller matrices corresponding to each of them [4] . They constitute a physically meaningful basis of the 16-dimensional differential Mueller space. In this Letter, we propose a Mueller matrix decomposition based on the differential calculus. It is shown that the macroscopic and differential matrices are related by their eigenvalues and eigenvectors. Therefore, it becomes feasible to obtain the differential matrix from a certain Mueller matrix and further resolve it into the basic differential matrices. As a result, any medium can be exhaustively characterized by the differential parameters, seven of them corresponding to nondepolarizing effects, and the other nine characterizing the depolarizing behavior of the sample. The decomposition is applied to several illustrative media of increasing complexity. The proposed method is validated by comparison with the results obtained by other well-known decompositions [5, 6] . First, the differential Mueller calculus is briefly summarized. We consider a beam described by the stationary statistical ensemble of the TE plane wave field. We adopt a right-handed Cartesian coordinate system [1] and assume that the beam travels toward the observer. The reference frame is set so that propagation is along the z axis, and thus the field can be separated into a pair of orthogonal polarization states aligned with x and y. The polarimetric characteristics of the beam are described by the Stokes parameters hS k¼0…3 i in terms of the field observables. They form the Stokes vectorS. According to the differential formulation of Mueller calculus, the Stokes vector satisfies
The differential Mueller calculus is a powerful technique for studying the evolution of polarized light propagation in optical media [1] [2] [3] . There are 16 basic types of optical behavior for general depolarizing anisotropic media. In a previous work, the authors presented the complete set of differential Mueller matrices corresponding to each of them [4] . They constitute a physically meaningful basis of the 16-dimensional differential Mueller space. In this Letter, we propose a Mueller matrix decomposition based on the differential calculus. It is shown that the macroscopic and differential matrices are related by their eigenvalues and eigenvectors. Therefore, it becomes feasible to obtain the differential matrix from a certain Mueller matrix and further resolve it into the basic differential matrices. As a result, any medium can be exhaustively characterized by the differential parameters, seven of them corresponding to nondepolarizing effects, and the other nine characterizing the depolarizing behavior of the sample. The decomposition is applied to several illustrative media of increasing complexity. The proposed method is validated by comparison with the results obtained by other well-known decompositions [5, 6] .
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where m is the 4 × 4 differential Mueller matrix that describes the polarimetric behavior of an infinitesimal slab of the medium [1] . The differential matrix is related to a corresponding macroscopic Mueller matrix by
M z is the Mueller matrix that describes the medium from z 0 to z. A Taylor series expansion [2] resulting from the differentiation of Eq. (2) enables one to express M z as
From now on, the dependence of the Mueller matrix M z on z will be assumed, so it will be simply denoted as M. If we consider a linear homogeneous medium in which M z 0 ¼0 ¼ I, the previous expression reduces to
The optical properties of a general depolarizing anisotropic optical medium arise from 16 basic types of optical behavior. They span the degrees of freedom of the Mueller matrix in its entirety. In a previous paper by the same authors [4] , it was demonstrated that the 16 elemental differential matrices corresponding to each single optical behavior are 
The first seven matrices correspond to nondepolarizing effects. Specifically, matrices m 1;2;3;4 describe isotropic absorption (subscript i), linear dichroism along the x-y axis (q) and along the bisectors of the x-y axis (u), and circular dichroism (v), while matrices m 5;6;7 account for linear x-y, linear AE45°, and circular birefringence. The nondepolarizing differential parameters are directly related to the propagation constantη ¼ η þ iκ. We have adopted the convention w q;u;v ¼ ðw x;þ45;rcp − w y;−45;lcp Þ=2, where w is either η or κ. The nine remaining matrices correspond to depolarizing media [4] . In particular, m 8;9;10 are the differential Mueller matrices for diagonal depolarization (alternatively anomalous isotropic depolarization, i.e., polarization-dependent isotropic absorption), while m 11;12;13 and m 14;15;16 correspond to the different types of anomalous dichroism and anomalous birefringence. The differential parameters associated with the depolarizing differential matrices are given in a generic form, as long as their analytical expressions require a detailed analysis of the specific situation [3, 4] .
The total differential Mueller matrix is the sum of the basic differential matrices [1] . Therefore, the general form of the differential Mueller matrix for depolarizing anisotropic media is
As long as the sum of matrices is commutative, the differential matrix is order independent. The order independence of the basic differential matrices remains valid even for large sections of a medium with simultaneous optical effects [2] . Equation (1) establishes a system of four first-order linear differential equations that describes the evolution of the Stokes parameters as a function of z. 
while, remarkably, the eigenvectors of the macroscopic and the differential matrices (grouped by columns in matrices V M and V m ) are the same [1] . We denote them simply by V. When the initial condition M z 0 ¼0 ¼ I is satisfied, then λ Mðz 0 ¼0Þ ¼ 1, and Eq. (22) can be integrated to yield
Therefore, assuming that the macroscopic Mueller matrix is diagonalizable, it can be decomposed by a conventional eigenanalysis into
in which the nonzero elements of the diagonal matrix M λ are the eigenvalues of M. The differential Mueller matrix can thus be obtained as ) that the determination of the differential matrix from an experimentally measured Mueller matrix requires one to know the value of z, i.e., the optical path undergone by the measured photons, which is not an obvious issue in many applications. If z is unknown, the optical pathweighted differential matrix m ¼ mz will be obtained instead of m. Therefore, it involves accumulated effects. In this situation, the decomposition of m results in accumulated differential parameters, which are denoted with an upper bar.
The Mueller matrix differential decomposition described above is now particularized for several media in order to verify the proposed method. In particular, we demonstrate the decomposition for Mueller matrices of different homogeneous media measured in transmission configuration. Nonhomogeneous media and backscattering measurements will be discussed in future works. The first one is a nematic liquid crystal plate. An example measured Mueller matrix is [7] M 1 ¼ The decomposition of this matrix into the complete basis described above yields η q ¼ 2:2097 and η u ¼ 0:1833. The other parameters are very close to zero, which asserts that it is a birefringent nondepolarizing sample. From these values, we obtain that the linear retardance is 2:2175 rad, which is identical to the result derived by other methods [7] .
We now demonstrate the decomposition on a depolarizing medium. The measured Mueller matrix of a piece of adhesive [7] in transmission configuration is Therefore, the analysis indicates that it is a linear birefringent medium with nearly polarization-independent isotropic depolarization. In order to compare these results with the macroscopic depolarization power involved in polar decomposition [5] , we obtain the macroscopic depolarizing matrix from the differential depolarizing parameters mentioned above, and we calculate the depolarization power of this matrix, which is found to be 0.1561. The calculated total linear retardance is 23:99°. These values fully coincide with the results obtained by polar decomposition [7] .
Once those relatively simple media have been studied, we analyze a turbid medium with several simultaneous effects. The measured Mueller matrix of a birefringent chiral turbid sample [8] is 
The sample is a tissue phantom that shows a scattering coefficient of 30 cm −1 and an anisotropy parameter of 0.95 at 633 nm, with a 1 M concentration of sucrose characterized by an optical activity parameter of χ ¼ 1:96°=cm and linear birefringence induced by vertical strain. The polarimetric analysis of this sample has been performed using polar decomposition and is reported elsewhere [8] . The control values are a linear retardance of 0:83 rad, optical rotation of 0:0373 rad, depolarization power of 0.19, and null diattenuation, while the calculated values from the measured matrix are respectively 0.79 and 0:0357 rad, 0.21, and 0.02. If we apply the differential decomposition to this sample, the parameters graphically shown in Table 1 are obtained. The analysis reveals that the medium presents linear retardance along the y axis, polarization-dependent isotropic depolarization, and optical activity. It also has marginal anomalous birefringence along the x axis and linear birefringence along the x-y bisector. The remaining contributions are negligible. The linear retardance is found to be 0:8022 rad, while the calculated net optical rotation is 0:0338 rad. The depolarization power is 0.2016, and a value of 0.0210 for total diattenuation is obtained. All the results are in excellent agreement with the previously reported values.
These results validate the differential Mueller matrix decomposition proposed in this Letter. This decomposition is particularly appropriate for the study of media in which several effects take place simultaneously, as long as no assumption about the order in which effects take place has to be made aprioristically. In fact, differential decomposition constitutes the first unique Mueller matrix decomposition. We believe this method can definitely help overcome the ambiguities entailed by the nonunique Mueller matrix product decompositions proposed so far [5, 6, 9] . The exhaustive description performed by the 16 differential parameters enables one to develop detailed studies about the optical properties of complex media, with a foreseeable potential for a wide range of applications. 
